In this paper, using quaternion arithmetic in the ring of Lipschitz integers, we present a proof of Zhi-Wei Sun's "1-3-5 conjecture" for all integers, and for all natural numbers greater than a specific constant. We also establish some variations of this conjecture.
Introduction
In [1] , Zhi-Wei Sun made the conjecture that any m ∈ N can be written as a sum of four squares, x 2 + y 2 + z 2 + t 2 with x, y, z, t ∈ N 0 , in such a way that x + 3y + 5z is a perfect square (see Conjecture 4.3 in that paper). Zhi-Wei Sun calls this the "1-3-5 conjecture". We present here a proof of it for all m ∈ N with x, y, z, t ∈ Z, and a proof for sufficiently large m ∈ N, with x, y, z, t ∈ N 0 . Moreover, we establish some general results that correspond to variations of this conjecture.
We will be working in the subring of Hamilton quaternions known as the ring of Lipschitz integers,
where i 2 = j 2 = k 2 = ijk = −1. This ring is neither left nor right Euclidean, as opposed to the ring of Hurwitz integers H = {a + bi + cj + dk | a, b, c, d ∈ Z or a, b, c, d ∈ Z + 1/2}, which is more commonly used. We do not have unique factorization in each of these rings, but given a primitive (i.e. not divisible by any natural number bigger than 1) Hurwitz integer Q, for any arrangement of the primes of its norm factorization, p 0 p 1 · · · p k , there is a factorization of Q, into a product of Hurwitz primes Q = P 0 P 1 · · · P k , such that N(P0) = p 0 , . . . , N(Pk) = p k . We say that the factorization P 0 P 1 · · · P k of Q is modelled on the factorization p 0 p 1 · · · p k of N(Q). Moreover the factorization on a given model is unique up to unit-migration (see Theorem 2 page 57 in [2] ).
We have a similar result for the ring of Lipschitz integers. We know that for a Lipschitz integer v which is primitive modulo k (the greatest common divisor of its coefficients and k is 1 ), where k | N v, k is odd and positive, there is a unique, up to left multiplication by units, right divisor of v of norm k. This also holds for even k, provided v is actually primitive and N(v)/k is odd (see Theorem 1 and Corollary 1 in [3] ).
For our purposes uniqueness of factorization is not required, we only need existence, which means that we may drop the condition for a Lipschitz integer to be primitive, and we will still have a factorization modeled on any factorization of its norm.
The general setting
Let a, b, c, d ∈ Z, and m, n ∈ N be given. Let us start by trying to describe conditions under which one can guarantee the existence of x, y, z, t ∈ Z such that    x 2 + y 2 + z 2 + t 2 = m ax + by + cz + dt = n 2 .
(1)
Putting γ = x + yi + zj + tk, ζ = a + bi + cj + dk ∈ L, these equations are equivalent to N(γ) = m (2)
where the dot denotes here the usual inner product on R 4 . If one sets δ =γζ, it follows from (3) that δ = n 2 +Ai+Bj +Ck, for some A, B, C ∈ Z, and m N(ζ)−n 4 = A 2 +B 2 +C 2 .
By Legendre's three-square theorem, see [4] pp. 293-295, or for more recent proofs see [5] and [6] , a necessary condition for the solvability of (1) is that one has
and that m N(ζ) − n 4 is not of the form 4 r (8s + 7) for any r, s ∈ N 0 .
Assume now, conversely, that conditions (4) and (5) are satisfied. Then, again by
Setting δ = n 2 + Ai + Bj + Ck, then one has N(δ) = m N(ζ). It then follows, by the existence of factorizations modeled on factorizations of the norm in the ring of Lipschitz integers, that there exists ξ, γ ∈ L such that δ =γξ and N(ξ) = N(ζ), N(γ) = m. Then γ is a solution of
γ · ξ = ℜ(γξ) = n 2 .
This proves the following.
Theorem 1 Let m, n, ℓ ∈ N be such that n ≤ 4 √ mℓ, and assume that mℓ − n 4 is not of the form 4 r (8s + 7) for any r, s ∈ N 0 . Then, for some a, b, c, d ∈ N 0 such that N(a + bi +
has integer solutions.
Proof: This follows from all that was written above, together with the fact that one can change the signs of x, y, z, t so as to make a, b, c, d non-negative, if they are not already so.
A direct consequence of Theorem 1 is the following.
Theorem 2 Let ζ ∈ L and m, n ∈ N be such that N(ζ)m − n 4 is non-negative and not of the form 4 r (8s + 7) for any r, s ∈ Z, and let α = a + bi + cj + dk ∈ L. Then the system
has integer solutions for all a, b, c, d ∈ Z such that
1, 3, 5, 7, 11, 15, 23
where k is odd and positive.
Proof: Let k, ℓ ∈ N, define the partition number P k (ℓ) of ℓ into k squares to be
By Theorem 1, it suffices to guarantee that P 4 (N(ζ)) = 1, for all ζ ∈ L, with N(ζ) running through all the values in the statement, which is true by Theorem 1 in [7] .
The 1-3-5 conjecture
Let us now consider the existence of integer solutions for the system: , for any r, s ∈ N 0 . Then either the system (1-3-5) has integer solutions, or the system
Define R(P ) to be the set of all Lipschitz integers obtained from P ∈ L, by permuting and changing the signs of its coordinates. For α, α ′ ∈ L, we say that α ′ is in the same decomposition class as α, and write α ′ ∼ α, if R(α ′ ) = R(α). From now on, we set α = 1 + 3i + 5j and β = 1 + 3i + 3j + 4k. In the sections 4, 5, 6 and 7 we will prove that the system (1-3-5) always has a solution for all m ∈ N with x, y, z, t ∈ Z. The natural solution case will be handled in the last section. The biggest part of this paper will be focused on proving the following theorem.
Theorem 4 Let m, n ∈ N be such that 35m − n 4 is not of the form 4 r (8s + 7), for any r, s ∈ N 0 . Then i) If m ≡ 0 (mod 3), then the system (1-3-5) has integer solutions for all n ∈ N such that n ≡ 0 (mod 3) and n ≡ 0 (mod 5).
ii) If m ≡ 1 (mod 3), then the system (1-3-5) has integer solutions for all n ≡ 0 (mod 3) such that n ≡ 0 (mod 5).
iii) If m ≡ −1 (mod 3), then the system (1-3-5) has integer solutions for all n ∈ N such that n ≡ 0 (mod 3), n ≡ 0 (mod 5) and n ≡ 0 (mod 7).
Since the condition "35m − n 4 is not of the form 4 r (8s + 7), for any r, s ∈ N 0 " holds often enough, this theorem shows more than what the integer case of the 1-3-5 conjecture asserts. As it is suggested from the statement of the theorem, we need to work modulo 3, 5 and 7.
Let us now establish the framework that we are going to be working in. We assume that m, n ∈ N are such that 35m − n 4 is not of the form 4 r (8s + 7), for any r, s ∈ N 0 . Like in the first section, this implies that there exist A, B, C ∈ N 0 such that 35m − n 4 = A 2 + B 2 + C 2 .
Letting δ = n 2 + Ai + Bj + Ck ∈ L, we have that N(δ) = 35m, and therefore there exist • If ζ ∈ R(α) then the system (1-3-5) has integer solutions and we are done.
• If ζ ∈ R(β), then there exist a γ ′ , which will be coming from appropriate sign and coefficient changes of γ, with N(γ ′ ) = N(γ) = m, such that ℜ(γ ′ β) = ℜ(γζ) = n 2 .
Therefore, we may assume that ζ = β. Let γ = x − yi − zj − tk. Performing the multiplication γβ yields
Remark 1 For ρ, σ ∈ L, one has ℜ(ρ −1 δρ) = ℜ(δ) and N(ρ −1 γρ) = N(γ). Since
and N(ρ) = N(σ), then from a solution (x, y, z, t) ∈ Z 4 for (1-3-3-4) one can obtain a solution in Z 4 for (1-3-5).
From now on, we assume that (x 0 , y 0 , z 0 , t 0 ) ∈ Z 4 is a solution of the system (1-3-3-4),
Using primes above 3
Let ρ = 1 + i − j. One can easily check that
We have that
is a (rational) solution of the system    m = x 2 + y 2 + z 2 + t 2 n 2 = 5x + 3y + z.
The above system is equivalent to the system (1-3-5). For its solution (10), we notice that
and only if x 0 + 2z 0 + 2t 0 ≡ 0 (mod 3). Therefore, from a solution x 0 , y 0 , z 0 , t 0 of (1-3-3-4) that satisfies this last congruence, by Remark 1, one obtains an integer solution for the system (1-3-5).
Now, there are 4 right non-associated primes above 3, and for the ones other than
multiplying by β on the left yields:
Using (11) instead of (9), and repeating the same argument, we get that, if x 0 + 2y 0 + 2t 0 ≡ 0 (mod 3) then the system (1-3-5) has an integer solution; using (12), yields that,
we get yet another integer solution for the system (1-3-3-4); and using (13), we get that if x 0 + z 0 + 2t 0 ≡ 0 (mod 3), we get again another integer solution for the system (1-3-3-4). In the last two cases we obtain no direct information for the solvability of the system (1-3-5), but the extra solutions we can get, using (12) and (13), for the system (1-3-3-4) is going to prove instrumental for our proof. Later on we will need to write these extra solutions in terms of x 0 , y 0 , z 0 , t 0 . For now we note that the above discussion has proved the following.
Proposition 5 Let m, n ∈ N be such that 35m − n 4 is not of the form 4 k (8s + 7), k, s ∈ N.
For (x 0 , y 0 , z 0 , t 0 ) ∈ Z, a solution of the system (1-3-3-4), if either of the following:
holds, then the system (1-3-5) has an integer solution.
Using primes above 5
Much like as we did in the previous section, where we used the primes above 3 to see that a solution (x 0 , y 0 , z 0 , t 0 ) ∈ Z 4 for the system (1-3-3-4) yields conditions for the solvability of the system (1-3-5), or another solution of the system (1-3-3-4), here we will use the primes above 5, to do something analogous, and we will actually calculate the new solutions for the system (1-3-3-4).
Taking all the 6 primes of norm 5, up to right associates, and multiply by β on the left, we get
For δ = γ 0 β, we see that
Denoting the expressions in the brackets by γ i , i = 1, . . . , 6, it follows that
If any of the γ 4 , γ 5 , γ 6 is in L, the system (1-3-5) would have integer solutions by Remark 1, and we are done. One has, using (8),
Therefore, we just proved the following.
Proposition 6 Let m, n ∈ N be such that 35m − n 4 is not of the form 4 r (8s + 7), for any r, s ∈ N. If (x 0 , y 0 , z 0 , t 0 ) ∈ Z is a solution of the system (1-3-3-4) such that any of the following congruences
We notice that if (x 0 , y 0 , z 0 , t 0 ) is a solution of the system (1-3-3-4), then (x 0 , z 0 , y 0 , t 0 ) is a solution of it as well, therefore we also have:
If (x 0 , y 0 , z 0 , t 0 ) ∈ Z is a solution of the system (1-3-3-4) such that any of the following congruences (i) t 0 ≡ 3y 0 (mod 5),
hold, then the system (1-3-5) has an integer solution.
Let us look at γ 1 , γ 2 , γ 3 now. We have that
Note that for n 2 ≡ 0 (mod 5), either n 2 ≡ ±A (mod 5), n 2 ≡ ±2A (mod 5) or A ≡ 0 (mod 5). We have seen what happens if n 2 ≡ −A (mod 5), n 2 ≡ 2A (mod 5) and A ≡ 0 (mod 5), hence we just need to see what happens on the other two remaining cases:
• If n 2 ≡ A (mod 5), then x 0 − 2y 0 − z 0 + 2t 0 ≡ 0 (mod 5), so γ 3 ∈ L, and we can easily see that for
Therefore, from a solution (x 0 , y 0 , z 0 , t 0 ) ∈ Z 4 of the system (1-3-3-4), we obtain another integer solution of the system (1-3-3-4), which is given by:
. We can write x 1 , y 1 , z 1 , t 1 in terms of x 0 , y 0 , z 0 , t 0 using the fact that x 0 − 2y 0 − z 0 + 2t 0 ≡ 0 (mod 5), or equivalently x 0 − 2y 0 − z 0 + 2t 0 = 5κ, for some κ ∈ Z. Hence, we have
• If n 2 ≡ −2A (mod 5), then y 0 ≡ 3x 0 (mod 5), so γ 1 ∈ L, and we see that
is another integer solution of the system (1-3-3-4) obtained from (x 0 , y 0 , z 0 , t 0 ) ∈ Z.
We have that y 0 ≡ 3x 0 (mod 5), i.e. y 0 = 3x 0 + 5λ, for some λ ∈ Z, and thus
is another integer solution of (1-3-3-4).
Now we are ready to prove the following:
Proposition 8 Let m, n ∈ N be such that 35m − n 4 is not of the form 4 k (8s + 7), k, s ∈ N.
The following holds:
i) If m ≡ 0 (mod 3), then the system (1-3-5) has integer solutions for all n ∈ N such that 3, 5 ∤ n.
ii) If m ≡ 1 (mod 3), then the system (1-3-5) has integer solutions for all n ≡ 0 (mod 3) such that 5 ∤ n.
Proof: As above, we may assume the existence of a solution (x 0 , y 0 , z 0 , t 0 ) ∈ Z 4 of the system (1-3-3-4). Note that if m ≡ 0 (mod 3) and n 2 ≡ 1 (mod 3), or if m ≡ 1 (mod 3) and n 2 ≡ 0 (mod 3), then 35m−n 4 ≡ −1 (mod 3). Therefore A 2 +B 2 +C 2 ≡ −1 (mod 3), and since the squares modulo 3 are 0 and 1, we have that exactly one of the A, B, C is 0 (mod 3) and the other two ±1 (mod 3). From (8) and for a solution (x 0 , y 0 , z 0 , t 0 ) ∈ Z 4 of (1-3-3-4), we see that
We now consider all possibilities for the congruence classes of A, B, C modulo 3. For the following cases, one sees that one can use Proposition 5 to show that the system (1-3-5) has integer solutions since:
• If A ≡ 0 (mod 3) and B ≡ C (mod 3), then it is easy to see that x 0 + 2z 0 + 2t 0 ≡ 0 (mod 3).
• If A ≡ 0 (mod 3) and B ≡ −C (mod 3), then x 0 + 2y 0 + 2t 0 ≡ 0 (mod 3).
• If C ≡ 0 (mod 3) and A ≡ B (mod 3), then x 0 + 2y 0 + 2t 0 ≡ 0 (mod 3).
• If C ≡ 0 (mod 3) and A ≡ −B (mod 3), then x 0 + 2z 0 + 2t 0 ≡ 0 (mod 3).
• If B ≡ 0 (mod 3) and A ≡ C (mod 3), then x 0 + 2y 0 + 2t 0 ≡ 0 (mod 3).
There is only one remaining case:
• If B ≡ 0 (mod 3) and A ≡ −C (mod 3), then we have that x 0 + y 0 + 2t 0 ≡ x 0 + z 0 + 2t 0 ≡ 0 (mod 3). Proposition 5 does not yield the claim this time, instead we are going to use the results from the previous chapter. For n 2 ≡ 0 (mod 5), we have the following cases:
-If we have that A ≡ 0 (mod 5), n 2 ≡ 2A (mod 5) or n 2 ≡ −A (mod 5), thus, by Proposition 6, the system (1-3-5) has integer solutions.
-If n 2 ≡ A (mod 5) then the solution (15) of the system (1-3-3-4) satisfies x 1 + 2y 1 + 2t 1 ≡ 2(x 0 + z 0 + 2t 0 ) ≡ 0 (mod 3). Therefore, Proposition 5 yields the claim.
-If n 2 ≡ −2A (mod 5), then the solution (16) of the system (1-3-3-4) satisfies
. Therefore, Proposition 5 yields the claim again.
The case m ≡ −1 (mod 3) of (4), is the only one left to be treated. For that case, similarly to the above, we can show the following:
Proposition 9 Let m, n ∈ N, m ≡ −1 (mod 3), n ≡ 0 (mod 3), be such that 35m − n 4
is not of the form 4 k (8s + 7), k, s ∈ N. Then, either the system (1-3-5) has integer solutions, or if (x 0 , y 0 , z 0 , t 0 ) ∈ Z 4 is a solution of the system (1-3-3-4), we must have either x 0 + y 0 + 2t 0 ≡ 0 (mod 3) and y ≡ 0 (mod 3), or x 0 + z 0 + 2t 0 ≡ 0 (mod 3) and z ≡ 0 (mod 3).
Proof: Let m ≡ −1 (mod 3) and n ≡ 0 (mod 3), which means that n 2 ≡ 1 (mod 3), then 35m − n 4 ≡ 0 (mod 3), so that A 2 + B 2 + C 2 ≡ 0 (mod 3). Therefore A 2 , B 2 , C 2 are all 0 or they are all 1 modulo 3, and
, then x 0 + z 0 + 2t 0 ≡ 0 (mod 3) and y 0 ≡ 0 (mod 3).
• If A ≡ −B ≡ −C (mod 3), then x 0 + 2y 0 + 2t 0 ≡ 0 (mod 3), and Proposition 5 applies.
• If A ≡ B ≡ −C (mod 3), then x 0 + 2z 0 + 2t 0 ≡ 0 (mod 3), and again Proposition 5 applies.
• If A ≡ −B ≡ C (mod 3), then x 0 + y 0 + 2t 0 ≡ 0 (mod 3) and z 0 ≡ 0 (mod 3).
In order to complete the proof of the case m ≡ −1 (mod 3) of Theorem (4), we need to work modulo 7 as well, since the above methods are not enough to cover every possibility.
Using primes above 7
We multiply all the 8 right non-associate primes of norm 7 by β on the left, as we did before for the primes of norm 3 and 5, and we get:
Therefore, we have
Callingγ i , (i = 1, . . . , 8), the bracket enclosed products and putting
If any of theγ i for i = 5, 6, 7, 8 is in L, then the system (1-3-5) would have integer solutions, and we are done. We have
Therefore, we have proved the following.
Proposition 10 Let m, n ∈ N be such that 35m − n 4 is not of the form 4 r (8s + 7), for any r, s ∈ N. If (x 0 , y 0 , z 0 , t 0 ) ∈ Z 4 is a solution of the system (1-3-3-4), and if any of the following:
Now, let us look atγ i , for i = 1, 2, 3, 4. We have that
γ 4 ∈ L ⇔ x 0 + 3y 0 + 3z 0 + 4t 0 ≡ 0 (mod 7) ⇔ n 2 ≡ 0 (mod 7).
If any of theγ i for i = 1, 2, 3, 4 is in L, then we will have another solution for the system (1-3-3-4). We do not care forγ 4 , as the statement of Theorem 4 suggests, and we will examine each of the casesγ 1 ,γ 2 ,γ 3 ∈ L separately. Note that if n ≡ 0 (mod 7), then we have n 2 ≡ ±A (mod 7), n 2 ≡ ±2A (mod 7), n 2 ≡ ±4A (mod 7), or A ≡ 0 (mod 7).
• Ifγ 1 ∈ L, then n 2 ≡ 4A (mod 7), and since x 0 + 4z 0 + 2t 0 ≡ 0 (mod 7) ⇔ x 0 + 4z 0 + 2t 0 = 7µ, for some µ ∈ Z, rearranging the coordinates ofγ 1 and changing signs accordingly, we note that forγ 1 
Therefore,
is another integer solution of the system (1-3-3-4), which we can write:
(17)
• Ifγ 2 ∈ L, then n 2 ≡ 2A (mod 7), and since x 0 − y 0 + 2z 0 − t 0 ≡ 0 (mod 7) ⇔
x 0 − y 0 + 2z 0 − t 0 = 7ν, for some ν ∈ Z. As in the previous case we notice that for is another integer solution of the system (1-3-3-4), call it (x 2 ,ŷ 2 ,ẑ 2 ,t 2 ). We can write:
• Ifγ 3 ∈ L, then n 2 ≡ −A (mod 7), and since x 0 + 4y 0 − 2z 0 ≡ 0 (mod 7) ⇔ x 0 + 4y 0 − 2z 0 = 7ξ, for some ξ ∈ Z. As in the previous cases we notice that for:
Hence,
Now we have everything that we need to prove the following.
Proposition 11 Let m, n ∈ N be such that 35m − n 4 is not of the form 4 k (8s + 7), k, s ∈ N. When m ≡ −1 (mod 3) the system (1-3-5) has integer solutions for all n ∈ N such that 3, 5, 7 ∤ n .
Proof: Let A ∈ Z from (8) . We see that for all n ∈ N 0 such that n 2 ≡ 0 (mod 7), we can have one of the following: n 2 ≡ ±A (mod 7), n 2 ≡ ±2A (mod 7), n 2 ≡ ±4A (mod 7), or A ≡ 0 (mod 7). Therefore, we have:
• If A ≡ 0 (mod 7), n 2 ≡ A (mod 7), n 2 ≡ −2A (mod 7), n 2 ≡ −4A (mod 7), then Proposition 10 says that the system (1-3-5) has an integer solution.
• If n 2 ≡ −A (mod 7) then the solutionx 3 ,ŷ 3 ,ẑ 3 ,t 3 from (19) satisfiesx 3 +2ẑ 3 +2t 3 ≡ x 0 + z 0 + 2t 0 (mod 3), andx 3 + 2ŷ 3 + 2t 3 ≡ x 0 + y 0 + 2t 0 (mod 3), therefore, Propositions 9 and 5 yield the result.
• If n 2 ≡ 4A (mod 7) then the solutionx 1 ,ŷ 1 ,ẑ 1 ,t 1 from (17) satisfiesx 1 + 2ŷ 1 + 2t 1 ≡ 2(x 0 + z 0 + 2t 0 ) (mod 3),x 1 + 2ẑ 1 + 2t 1 ≡ 2(x 0 + y 0 + 2t 0 ) (mod 3), so again Propositions 9 and 5 yield the result.
• If n 2 ≡ 2A (mod 7), then x 0 − y 0 + 2z 0 − t 0 ≡ 0 (mod 7), so x 0 − y 0 + 2z 0 − t 0 = 7ν, for some ν ∈ Z. We are going to check if the solution 18 satisfies the solvability conditions modulo 5 of Proposition 6 and Corollary 7. LetÂ = 3x 2 −ŷ 2 − 4ẑ 2 + 3t 2 , be the corresponding A for the solutionx 2 ,ŷ 2 ,ẑ 2 ,t 2 . If eitherÂ ≡ 0 (mod 5), n 2 ≡ 2Â (mod 5), or n 2 ≡ −Â (mod 5) holds, then, by Proposition 6, we are done.
So we just need to check the following two cases:
-If n 2 ≡Â (mod 5), thenx 2 − 2ŷ 2 −ẑ 2 + 2t 2 ≡ 0 (mod 5), therefore, x 0 − 2y 0 − z 0 + 2t 0 ≡ −2ν (mod 5). We also have that x 0 − y 0 + 2z 0 − t 0 ≡ 7ν ≡ 2ν (mod 5), therefore, we obtain x 0 + y 0 − 2z 0 − 2t 0 ≡ 0 (mod 5). Corollary 7 then yields the result.
-If n 2 ≡ −2Â (mod 5), thenŷ 2 ≡ 3x 2 (mod 5), which implies that y 0 + 2x 0 ≡ 2ν (mod 5), and together with x 0 − y 0 + 2z 0 − t 0 ≡ 2ν (mod 5) we get that
x 0 + 2y 0 − 2z 0 + t 0 ≡ 0 (mod 5). Therefore, Corollary 7 yields the result again.
Propositions 8 and 11 combined make for Theorem 4.
Integer solutions
For m ∈ N, we set S m = n ∈ N 0 : 35m − n 4 0 , and it will also be convenient to set T m = n ∈ S m : 35m − n 4 is a sum of 3 squares .
Lemma 12 If m ≡ 0 (mod 16), then T m contains either all odd numbers of S m , or all even numbers of S m .
Proof: Let n 0 ∈ S m be even and n 1 ∈ S m be odd. For m ≡ 0 (mod 16) we consider the possibilities:
• Lemma 13 If m ≡ 0 (mod 16) and |S m | 15, then there is at least one n ∈ T m that satisfies 3 | n and 5 ∤ n, and another n ∈ T m such that 3 × 5 × 7 ∤ n.
Proof: Basic modular arithmetic and Lemma 12 easily yield the result.
Note that we could have done better than 15, but this is more convenient and it is sufficient for our purposes. We have that |S m | 15 if 4 √ 35m 15, which is equivalent to m 1447. Therefore we have proved that the system (1-3-5) has integer solutions for all m ≡ 0 (mod 16) and m 1447. Since it is easy to check that this system has solutions for all m up to 1447 (it has actually been checked up to 10 10 as it is mentioned in [8] ), and since a solution (x 0 , y 0 , z 0 , t 0 ) ∈ Z 4 for that system for some m, yields the solution (4x 0 , 4y 0 , 4z 0 , 4t 0 ) ∈ Z 4 for 16m, a simple descent argument establishes the following result.
Theorem 14 Any m ∈ N can be written as x 2 + y 2 + z 2 + t 2 with x, y, z, t ∈ Z such that
x + 3y + 5z is a square.
Natural Solutions
To show the existence of natural solutions, it turns out that the following results, similar
to Lemmas 12 and 13, are required for the case m ≡ 0 (mod 16).
Lemma 15 Let m ∈ N, m ≡ 0 (mod 16). Then T m contains all numbers in S m that are congruent to 0 modulo 4, or all the numbers in S m that are congruent to 2 modulo 4.
Proof: Let m ′ be such that m = 16m ′ , and for n ∈ S m , let n ′ be such that n = 2n ′ .
Then, 35m − n 4 = 16(35m ′ − n ′4 ).
Hence, n ∈ T m if and only if n ′ ∈ T m ′ . There are two cases:
• If m ′ ≡ 0 (mod 16), then Lemma 12 guarantees that either all even numbers in S m ′ , or all odd numbers in S m ′ are in T m ′ . Thus the result follows.
• If m ′ ≡ 0 (mod 16), then it is easy to see that for n ≡ 2 (mod 4), one has that n ∈ T m ⇒ n ± 2 ∈ T m , and also that n ∈ T m ⇒ n ± 4 ∈ T m .
Lemma 16 If m ≡ 0 (mod 16) and |S m | 15, then there is at least one n ∈ T m that satisfies 3 | n and 5 ∤ n, and another n ∈ T m such that 3 × 5 × 7 ∤ n.
Proof:
• If n ≡ 0 (mod 3) and n ≡ 0 (mod 5), then n ≡ 3, 6, 9, 12 (mod 15). Since these are all different modulo 4, Lemma (15) yields the result.
• If 3 × 5 × 7 ∤ n, then n ≡ 1, 2, 4, 7, 8, 11, 13, 14 (mod 15) and n ≡ 0 (mod 7). Now, pick a set of 15 consecutive numbers, and consider its subset, A, consisting of the eight numbers that are coprime to 15. Two of these eight numbers are 0 modulo 4 and two of them are 2 modulo 4. In A there are at most 2 even ones that are congruent to 0 modulo 7, and they are distinct modulo 4. It follows that A has at least 1 number that is congruent to 0 modulo 4 and at least 1 number that is congruent to 2 modulo 4 that are not congruent to 0 modulo 7. Thus, Lemma (15) yields the result again.
Proposition 17 For m ∈ Z that is sufficiently large, there exists at least one n ∈ The results of Lemmas 13 and 16 hold for any interval contained in S m , therefore we know that for m c, the interval contains an n ∈ N 0 such that 35m − n 4 is a sum of 3 squares. Theorem 4 then says that there exist A 1 , B 1 , C 1 ∈ Z such that δ 1 = γ 1 α = n 2 + A 1 i + B 1 j + C 1 k ∈ L, for some γ 1 = x − yi − zj − tk ∈ L, with α = 1 + 3i + 5j, and N(δ1) = 35 m. We then have that δ 1 = (x + 3y + 5z) + (3x − y + 5t)i + (5x − z − 3t)j + (5y + 3z − t)k.
Therefore we must have that . Therefore a sufficient condition to have a solution of (1-3-5) in N 0 is:
Now we can see that
Similarly one can shows that
We see now that, either 5|−
Hence n 2 5 3(35m − n 4 ) is a sufficient condition for x 0. Similarly we have that 3n 2 5 3(35m − n 4 ) is a sufficient condition for y 0 and that 5n 2 3 3(35m − n 4 ) is a sufficient condition for z 0. Therefore a sufficient condition for x, y, z, t ∈ N 0 is that n 2 5 3(35m − n 4 ). The last condition is equivalent to n 4 75 × 35 m 76 .
Therefore, we have proved the following result Main Theorem. 1 Any natural number m 13× 10 12 can be written as x 2 + y 2 + z 2 + t 2 , with x, y, z, t ∈ N 0 , such that x + 3y + 5z is a square.
